Abstract. In this paper, we study the colorability of link diagrams by the Alexander quandles. We show that if the reduced Alexander polynomial ∆ L (t) is vanishing, then L admits a nontrivial coloring by any non-trivial Alexander quandle Q, and that if ∆ L (t) = 1, then L admits only the trivial coloring by any Alexander quandle Q, also show that if ∆ L (t) = 0, 1, then L admits a non-trivial coloring by the Alexander quandle Λ/(∆ L (t)).
Introduction and preliminaries
In 1982, D. Joyce [9] and S. Matveev [10] defined the notion of quandle. A quandle is a non-empty set X equipped with a binary operation * satisfying the following three axioms: (Q1) For any x ∈ X, x * x = x. (Q2) For any x, y ∈ X, there is a unique element z ∈ X such that x = z * y. (Q3) For any x, y, z ∈ X, (x * y) * z = (x * z) * (y * z). The property (Q2) is equivalent to the following property that (Q2 ) There is a binary operation * : X × X → X such that for any x, y ∈ X, (x * y) * y = (x * y) * y = x. A quandle homomorphism is a map between two quandles preserving the quandle operation.
There are many quandles, see [2] [5] [6] . For example, let X be a subset of a group closed under conjugations. Then X is a quandle, called a conjugation quandle, under the operation x * y = y −1 xy for all x, y ∈ X.
An important class of quandles are Alexander quandles. Let Λ = Z[t, t −1 ] be the Laurent polynomial ring over the integers. Then any Λ-module M has a quandle structure, called an Alexander quandle, under the operation a * b = ta + (1 − t)b for a, b ∈ M . An Alexander quandle is said to be finitely generated if its underlying abelian group is finitely generated. A coloring on an oriented classical knot diagram D by a quandle Q is a function C : R → Q, where R is the set of over-arcs in the diagram, satisfying the condition depicted in the Fig. 1 . In the figure, a crossing with over-arc, r, has color C(r) = y ∈ Q. The under-arcs are called r 1 and r 2 from top to bottom; they are colored C(r 1 ) = x and C(r 2 ) = x * y. Note that locally the colors do not depend on the orientation of the under-arc, and that any constant function C q : R → Q at q ∈ Q is a coloring by the Axiom (Q1), called the trivial coloring at q ∈ Q.
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In 2001, A. Inoue [8] proved the following proposition. Proposition 1.1. Let p be a prime number, J an ideal of the ring Λ p and Q(K) a knot quandle. For each i ≥ 0, we put e i (t) = ∆ (i)
is the i-th Alexander polynomial of K defined by the greatest common divisor polynomial of all (n − i + 1)-th minor determinants of the Alexander matrix A D obtained from the Wirtinger presentation. Then the number of all quandle homomorphisms of the knot quandle Q(K) to the Alexander quandle Λ p /J is equal to the cardinality of the module
As a corollary, he showed that for an Alexander quandle Λ p /J and for a knot diagram K, there are only trivial colorings of a diagram of L by the quandle Λ p /J if and only if the ideal generated by J and ∆ K (t) is equal to Λ p , where p is a prime number. It is known that, for a finite quandle X, there is a one-to-one correspondence between quandle homomorphisms Q(K) → X and colorings C : R → X, see [4] .
In this paper, we will study the colorability of link diagrams by Alexander quandles from the view point of the reduced Alexander polynomial of the given link. The reduced Alexander polynomial ∆ L (t) of a link L is obtained from the multivariable Alexander polynomial ∆ L (t 1 , · · · , t µ ) by setting t 1 = · · · = t µ = t, where µ is the number of components of L. The following is the main results.
(1) If ∆ L (t) = 0, then L admits a non-trivial coloring by any nontrivial Alexander quandle Q. (2) If ∆ L (t) = 1, then L admits only the trivial coloring by any Alexander quandle Q.
2. Linear Algebra with coefficient ring Λ and Λ/(f (t))
In this section we will study the properties of matrices whose entries are in Λ or Λ/(f (t)), where f (t) is a fixed non-zero polynomial in Λ.
Consider a system of linear equations whose coefficients are in Λ or in Λ/(f (t)).
For a non-zero polynomial α(t) in Λ, consider the following system ( * * ) of linear equations which is obtained by multiplying α(t) to the j-th row.
If we solve the systems with the coefficient ring Λ, clearly the equations ( * ) and ( * * ) have the same solution. But if we are working on Λ/(f (t)), we need to be careful. If α(t) is an unit element t n , n ∈ Z, then ( * ) and ( * * ) have the same solutions. But, if α(t) is not a unit element, the solutions to ( * * ) may not be solutions to ( * ). The following lemma gives a characterization for which the equations ( * ) and ( * * ) have the same solution.
Proposition 2.1. ( * ) and ( * * ) have the same solution as equations in Λ/(f (t)) if α(t) and f (t) are relatively prime.
Proof. Assume that α(t) and f (t) are relatively prime. Clearly any solution of ( * ) is a solution of ( * * ). Conversely, if (
T is a solution of ( * * ), then, since α(t)a j1 (t)x 1 + · · · + α(t)a jn (t)x n = 0 in Λ/(f (t)), there is k(t) ∈ Λ such that, in Λ,
Since α(t) and f (t) are relatively prime, k(t) is a multiple of α(t), i.e., k(t) = k (t)α(t) for some k (t) ∈ Λ. Hence, in Λ,
which is equivalent with
T is a solution of ( * ).
We remind the reader about matrix theory with coefficients in a field. It is well-known that the solution of the system ( * ) of linear equations does not changed by the following elementary row operations, and that every matrix can be changed to a row-echelon form by using elementary row operations.
R 1 Row switching(a row within the matrix is switched with another row), R 2 Row multiplication(each element in a row is multiplied by a non-zero constant) and R 3 Row addition(a row is replaced by the sum of that row and a multiple of another row). For the matrices with coefficients in Λ or Λ/(f (t)), we modify the operation R 2 as R 2 Row multiplication forΛ(each element in a row is multiplied by a non-zero polynomial α(t)) R 2 Row multiplication forΛ/(f (t))(each element in a row is multiplied by a non-zero polynomial α(t) with (α(t), f (t)) = 1) By Lemma 2.1, one can see that elementary row operations R 1 , R 2 and R 3 do not change the solution of the system ( * ), and that every matrix with coefficients in Λ or Λ/(f (t)) can be changed by a rowechelon form by using elementary row operations R 1 , R 2 and R 3 . We will use the terminology "rank" for the matrices with coefficients in Λ or Λ/(f (t)), too.
Consider the system ( * ) of linear equations whose coefficient matrix A is in a row-echelon form.
(1) If rank(A) < n, ( * ) has infinitely many solutions.
(2) If rank(A) = n and if the coefficient ring is Λ, ( * ) has the only trivial solution. (3) If rank(A) = n and if the coefficient ring is Λ/(f (t)), then (i) if a i (t) and f (t) are relatively prime for all i, then ( * ) has the only trivial solution; (ii) if there exist i such that a i (t) and f (t) are not relatively prime, then ( * ) has infinitely solutions.
Proof. The result is trivial except the case (3)(ii). For the case (3)(ii), consider a linear equation (t − 1)x = 0 in the coefficient ring Λ/((t − 1)(t 2 +1)). Even though , the equation rank(A) is 1 which is the number of indeterminants, it has infinitely many solutions: x = (t 2 + 1)g(t) for any g(t) ∈ Λ. By modifying the idea in this example, one can find infinitely solutions for ( * ) in the case (3)(ii).
11 det(A). Proof. By applying the elementary row operation R 2 (multiply a 11 to the second row) and then applying the elementary row operation R 3 (between the first row and the second row), one can obtained the second row of the right matrix below. Notice that to do this, we need to use auxiliary row a 21 ×(the first row). By applying repeatedly these operations to the remaining rows, we get the matrix on the right below.
Since R 3 operation does not change the determinant and such a R 2 operation gives a multiple of a 11 to the determinant, we have the result by comparing the determinants of both sides.
Remark 2.4. In the above proposition, if the entries in the first column have common divisor d(t), i.e., a 11 = a 11 (t)d(t), · · · , a n1 = a n1 (t)d(t), we can define
In this case, a 11 det(B) = (a 11 ) n−1 det(A).
Colorability by Alexander quandles
Let Q be an Alexander quandle. Let φ : B n → GL(n, Λ) be the Burau representation for the braid group B n , which is defined by
For a braid w ∈ B n , suppose that the diagram of w, presented by the standard generators, is colored by Q. By reading the colors assigned to the top arcs of w in the given order, we get an element (c 1 , c 2 , · · · , c n ) in Q n . Similarly, by reading the colors assigned to the bottom arcs of w in the given order, we get another element (
We call the element (c 1 , c 2 , · · · , c n ) associated with the top arcs of w the coloring of the braid w ∈ B n . By comparing the definition of the coloring and the definition of the Burau representation, one can see that
Notice that the coloring (c 1 , c 2 , · · · , c n ) of w induces a coloring of the closure w if and only if (c 1 , c 2 ,
For A ∈ M (n, Λ) an n × n-matrix, we put
Then for any w ∈ B n , E(φ(w)) = ∅ because φ(w)(c, c, · · · , c) = (c, c, · · · , c) for all c ∈ Q. Since φ(w) ∈ GL(n, Λ) ⊂ M (n, Λ) and Q a Λ-module, φ(w) can be seen as a module homomorphism φ(w) : Q n → Q n defined by the matrix multiplication φ(w)(x) = φ(w)x for all x ∈ Q n . Since E(φ(w)) is the kernel of (φ(w) − id), it is a submodule of Q n .
Let D be a diagram of a link L and Q an Alexander quandle. Let VC D (Q) be the set of all colorings on a link diagram D by Q. Define the addition of colorings and scalar multiplication by adding the quandle elements assigned on each arc of D by C 1 and C 2 and by multiplying α(t) to the quandle elements assigned on each arc of D by C 1 where C 1 and C 2 are two colorings on a diagram D and α(t) is in Λ. In [8] , A. Inoue mentioned about the sum of colorings and scalar multiplication to colorings by the Alexander quandle Λ p /J.
It is easy to show that VC D (Q) is a Λ-module under the addition and the scalar multiplication, and is isomorphic to the submodule E(φ(w)) of φ(w) of Q n , where D is the diagram of the closure w given by the braid diagram. Lemma 3.1. Let φ : B n → GL(n, Λ) be the Burau representation and Q any non-trivial Alexander quandle. If the closure of a braid w ∈ B n admits only the trivial coloring by Q, then rank(φ(w) − id) = n − 1. In particular, if Q is torsion-free and finitely generated as a Λ-module, the converse holds. Proof. Suppose that rank(φ(w)−id) < n−1. By Proposition 2.2, there exist x 1 (t), · · · , x n (t) ∈ Λ, not all equal, such that non-zero polynomials of x 1 (t), · · · , x n (t) are relatively prime and
Let q ∈ Q be any non-zero element. Since < q >= Λq = {0}, there is x(t) ∈ Λ such that x(t)q = 0. Since rank(φ(w) − id) < n − 1, by taking x(t) as a solution corresponding to one of free-variables of (3.1), without loss of generality we may assume that x 1 (t)q, · · · , x n (t)q are not all zero. Similarly one can assume that x 1 (t)q, · · · , x n (t)q are not all equal. Since
the coloring (x 1 (t)q, · · · , x n (t)q) of w by Q gives a non-trivial coloring of w by Q. Suppose that Q is finitely generated and torsion-free as a Λ-module Since Q is Λ-module which is an abelian group with a scalar multiplication, if Q is finitely generated as an abelian group, by the classification theorem of abelian groups, we can see
Suppose that w admits a non-trivial coloring ((
Since ((q 11 , · · · , q 1m ), · · · , (q n1 , · · · , q nm ) is non-trivial coloring, there exists j such that q j1 , · · · , q jn are not all equal. Since, in Λ,
and since the equation (φ(w) − id)x = 0 has two linearly independent solutions (q j1 , · · · , q jn ) and (1, · · · , 1), rank(φ(w) − id) < n − 1 by Proposition 2.2.
It is known that, for a braid word w ∈ B n , φ(w) = C φ (w) * 0 1 C −1 for some C ∈ GL(n, Λ), and
where L is the closure of w and ∆ L (t) is the reduced Alexander polynomial of the link L, see [1] , [3] .
is zero, then L admits a non-trivial coloring by any Alexander quandle Q.
Proof. Suppose that L is the closure of w ∈ B n . Let φ :
By Lemma 3.1, L admits a non-trivial coloring by any Alexander quandle Q. Example 3.3. L9n27 is the closure of w = σ
, and its Alexander polynomial is vanishing. By the matrix calculation, one can see that (φ(w) − id) can be changed to the following by the elementary row operations R 1 , R 2 and R 3 .
T has non-constant solutions, e.g., (t, 1, 0, 0) and (1 − 2t, −1, 1, 1). For any Alexander quandle Q and q ∈ Q, by coloring the top strands of the braid w by (1 − 2t)q, −q, q and q in the given order, one can obtain a non-trivial coloring of L9n27 by Q whenever (1 − 2t)q, −q, q are not all equal in Q.
It is well-known that if L is a split link, then ∆ L (t) = 0, but the converse does not hold. There are 11 prime links with up to 11 crossings whose multi-variable Alexander polynomial is 0: L9n27, L10n32, L10n36, L10n107, L11n244, L11n247, L11n334, L11n381, L11n396, L11n404 and L11n406 in Thistlethwaite Link Table. One can see that dim E(φ(w)) = 2 for the above 11 links, where w is the braid presentation of the link given in Thistlethwaite Link Table. Now, assume that the reduced Alexander polynomial ∆ L (t) of L is non-vanishing. If ∆ L (t) = 1, L admits only the trivial coloring by the quandle Λ/(∆ L (t)) because Λ/(∆ L (t)) = {1}. Proof. Let w ∈ B n be a braid presentation of L. Let φ : B n → GL(n, Λ) be the Burau representation. Observe that the sum of entries in each row of the matrix (φ(w) − id) is zero. Since ∆ L (t) = 0, rank(φ(w) − id) = n − 1, so that (φ(w) − id) can be changed to the matrix of the following form by elementary row operations R 1 , R 2 , R 3 , see Proposition 2.3 and Remark 2.4.
Since the sum of each row entries is zero, it is enough to solve the following system:
. .
By applying Proposition 2.3 inductively, we have
, there exists j such that a jj (t) is not relatively prime with ∆ L (t). If a jj (t) is a multiple of ∆ L (t), it is zero in Λ/(∆ L (t)) so that the rank of the coefficient matrix is less than n − 1. By Proposition 2.1(1), the system 3.2 has infinitely many solutions.
If all diagonal entries which are not relatively prime with ∆ L (t) are not a multiple of ∆ L (t), then the rank of the coefficient matrix is n − 1. By Proposition 2.1(3)(ii), the system 3.2 has infinitely many solutions.
Remark 3.5. From the proof of the above theorem, one can see that (1) if f (t) is a factor of ∆ L (t), then L admits a non-trivial coloring by the Alexander quandle Λ/(f (t)). (2) in particular, if f (t) is irreducible, then only one diagonal entry will be zero in Λ/(f (t)) so that rank(φ(w)
is a non-trivial coloring of w by Λ/(f (t)), all colorings of w by Λ/(f (t)) are linear combinations of (x 1 (t), · · · , x n (t)) and (1, · · · , 1).
Example 3.6. The knot 8 15 is the closure of w = σ
and its Alexander polynomial is ∆ 8 15 (t) = 3 − 8t + 11t
. Notice that (φ(w) − id) can be changed to the following matrix by elementary row operations
Note that every diagonal entries of the above matrix can not be zero in Λ/(∆ 8 15 (t)) so that rank(φ(w) − id) = n − 1. Since the second and the third diagonal entries are not relatively prime with ∆ 8 15 (t), 8 15 admits infinitely many non-trivial colorings by Λ/(∆ 8 15 (t)) by Proposition 2.1. For example, the colorings (5t − 3t 2 − 3, (−1 + t)(3t 2 − 5t + 3), 0, 0) and (t(5t − 3t 2 − 3), 5t − 3t 2 − 3, 0, 0) of w give non-trivial colorings of 8 15 . For the irreducible factor (1 − t + t 2 ) of ∆ 8 15 (t), only the second diagonal entry is zero in Λ/(1 − t + t 2 ) so that rank(φ(w) − id) = n − 2. Note that (1, 1 − t, 0, 0) is a non-trivial coloring of 8 15 by Λ/(1 − t + t 2 ), and that all colorings of 8 15 by Λ/(1 − t + t 2 ) are linear combinations of (1, 1 − t, 0, 0) and (1, 1, 1, 1) .
For the other irreducible factor (3t 2 − 5t + 3) of ∆ 8 15 (t), one can obtain the similar result. Indeed, (−t 2 + 1, 1, t 2 − 3t + 3, 0) is a nontrivial coloring of 8 15 by Λ/(3 − 5t + 3t
2 ), and all colorings of 8 15 by Λ/(3 − 5t + 3t
2 ) are linear combinations of (−t 2 + 1, 1, t 2 − 3t + 3, 0) and (1, 1, 1, 1) .
Remark 3.7. Suppose that f (t) is an irreducible factor of ∆ L (t) with multiplicity k. Then f (t) can be distributed over the k diagonal entries of the matrix (3.2), in maximum, so that n − k − 1 ≤ rank(φ(w) − id) ≤ n − 2.
In particular, if f (t) is with multiplicity 1, then rank(φ(w)−id) = n−2. Table. The table in the last page is a list of non-trivial colorings, in which we used the braid notations and Alexander polynomials in KnotInfo: Table of Knot Invariants [7] . In the table, the tuple in the column "non-trivial coloring by the Alexander quandle Λ/(∆ L (t))" denotes a coloring of the braid, by the Alexander quandle Λ/(∆ L (t)), whose top arcs are colored by the tuple in the given order. Such a coloring of the braid gives a coloring of the link. All other colorings are obtained by linear combinations of them with the trivial coloring (1, 1, · · · , 1).
Non-Trivial Coloring Table
Name non-trivial coloring by Alexander quandle Λ/(∆ L (t))
